In this paper, linear index codes with multiple senders are studied, where every receiver receives encoded messages from all senders. A new fitting matrix for the multiple senders is proposed and it is proved that the minimum rank of the proposed fitting matrices is the optimal codelength of linear index codes for the multiple senders. In addition, a new type of a side information graph related with the optimal codelength is proposed and whether given side information is critical or not is studied. Furthermore, linear index codes for the cellular network scenario are studied, where each receiver can receive a subset of sub-codewords. Since some receivers cannot receive the entire codeword in the cellular network scenario, the encoding method based on the fitting matrix has to be modified. In the cellular network scenario, we propose another fitting matrix and prove that an optimal generator matrix can be found based on these fitting matrices. In addition, some properties on the optimal codelength of linear index codes for the cellular network case are studied.
I. INTRODUCTION
I NDEX coding was first introduced by Birk and Kol [1] to utilize side information of each receiver in the error-free broadcast channel. In order to find the optimal index code, a lot of index coding schemes have been researched [2] - [8] .
In addition to researches on finding index coding schemes, there are some researches on finding the relationship between index coding and other problems. In [9] , it was proved that any network coding instance can be transformed to the corresponding index coding instance and a solution for the network coding instance exists if and only if a solution for the corresponding index coding instance exists. It was studied that topological interference management can be performed using index coding [10] . Furthermore, it was shown that there is a duality between distributed storage and index coding [11] , [12] . In addition, the connection between index coding, locally recoverable distributed storage, and guessing games on graphs was studied in [13] . To deal with the more realistic index coding instance, index codes with side information errors were researched [14] considering memory errors and index coding with multiple senders was introduced [15] . Since there are a lot of scenarios where messages are distributed among multiple senders, index coding with multiple senders has attracted significant attention and a lot of researches on multiple senders have been done to find the capacity region. Graph-theoretic approaches to the two sender index coding problem were researched [16] . In [17] , partitioned distributed composite coding was studied based on composite coding in [4] for a general multiple sender case. In [18] , multi-sender cooperative composite coding was developed and advantages of cooperative composite coding were studied. A method finding optimal linear index codes based on the rank minimization and decodability conditions of receivers was studied in [19] . In [20] , the optimal broadcast rates of two sender unicast index coding problems were derived as a function of the optimal broadcast rates of its subproblems. Furthermore, optimal scalar linear index codes for three classes of two sender unicast index coding problems were studied in [21] .
Existing researches on index coding with multiple senders consider a scenario, where every receiver can receive encoded messages from all senders. That assumption is valid if every receiver belongs to coverage of each sender. However, some receivers do not belong to coverage of all senders in reality. For example, some receivers can receive encoded messages from a subset of senders in a cellular network due to the problem of coverage. Thus, index coding in a cellular network has to be studied to utilize index coding in the realistic scenario. In a cellular network, an index coding instance where multiple senders exist and receivers are restricted to receive encoded messages from some senders has to be considered and this scenario for two senders is depicted in Fig. 1 .
In Fig. 1 , receivers 1 and 2 can receive encoded messages from only sender 1, receivers 4 and 5 can receive encoded messages from only sender 2, and receiver 3 can receive all encoded messages. Then, every receiver is satisfied if sender 1 transmits (x 1 +x 2 +x 3 ) and sender 2 transmits (x 2 +x 4 +x 5 ). Since receiver 3 can receive all encoded messages, receiver 3 can calculate (x 1 +x 2 +x 3 )−(x 2 +x 4 +x 5 ) = x 1 +x 3 −x 4 −x 5 . By using its side information, receiver 3 can recover x 3 .
In this paper, we study some properties on linear index codes with multiple senders. Since there are multiple senders, a lot of properties of index codes with the single sender have to be modified. First, a fitting matrix for multiple senders is introduced and an encoding method using the fitting matrix 0090-6778 © 2019 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications_standards/publications/rights/index.html for more information. is also studied as in [2] . Then, some properties related with the optimal codelength are studied and whether given side information is critical or not is studied for multiple senders. Furthermore, linear index coding with multiple senders in a cellular network is studied. In a cellular network with two senders, another type of fitting matrices is introduced and the encoding method based on the fitting matrix is studied to find the optimal codelength. In addition, some properties on the optimal codelength of linear index codes for the cellular network case are studied.
In summary, contrast to the existing researches on multiple senders, our main contributions are given as follows:
1) Compared with [19] , an alternative fitting matrix approach for constructing linear index codes is proposed, where decodabilities of receivers are guaranteed unlike the method in [19] . 2) The necessary and sufficient condition for reducing linear index codelength for multiple senders is studied, that is, we can find whether a given index coding problem is trivial through this condition. 3) The more realistic scenario of a cellular network for linear index coding is considered for the first time, where another type and a different parameter of fitting matrices are proposed to find the optimal linear index codelength. This paper is organized as follows. In Section II, the problem setup is introduced and the encoding method of linear index codes based on the fitting matrix is studied in Section III. Next, some properties of linear index codes with multiple senders are studied in Section IV. Then, index coding in a cellular network is studied in Section V. Finally, conclusions and some future directions are given in Section VI.
II. PRELIMINARY
In this paper, linear index codes with multiple senders are considered. We first introduce some notations and then describe a linear index coding problem for the multiple senders.
A. Notations
Let F q be the finite field of size q and Z[n] = {1, 2, . . . , n} for a positive integer n. Let x A be a subvector
B. Problem Formulation
In the linear index coding problem for the case of multiple senders, there are |S| senders and m receivers R 1 , . . . , R m , where S = {s 1 , s 2 , . . . , s |S| } is a set of senders. In this paper, we only consider a scalar linear index code. Then, there are n messages represented by x = (x 1 , . . . , x n ) ∈ F n q , which are distributed in |S| senders so that ∪ i∈Z [|S|] 
Each sender broadcasts its encoded messages through the error-free broadcast channel. Each receiver R i has x Xi as side information and wants to receive the wanted message denoted by x f (i) , where f (i) is an index of the message that R i wants to receive and X i is a set of side information indices of R i . Each receiver R i receives all encoded messages from |S| senders and R i has to recover x f (i) from the received codeword and x Xi . We assume that {f (i)} ∩ X i = φ and let
Let G be a bipartite side information graph, where a directed edge from a receiver node to a message node means that the receiver has the message as side information and a directed edge from a message node to a receiver node means that the receiver wants to receive the message. It is assumed that s 1 knows G and M , s 1 determines encoding procedures of all senders, and each sender can receive its encoding strategy from s 1 .
Then, a linear index code for multiple senders is defined as follows.
Definition 1: A linear index code with multiple senders over F q , denoted by a (G, M)-IC is a set of codewords having:
where N i denotes the codelength of the sub-codeword
for all j ∈ Z[m], x ∈ F n q . It is noted that an n × N generator matrix G for a (G, M)-IC is constructed by using generator submatrices G (i) for i ∈ Z[|S|] and the codelength N is N 1 + · · · + N |S| . Let N q opt (G, M) be the optimal codelength of a (G, M)-IC. Since there are more than one sender, another graph representing them is needed as in the following definition [15] . Definition 2: A message graph U is a unipartite graph of n message nodes, where an undirected edge between any two nodes i and j exists if and only if x i and x j are known to the same sender, that is,
From a message graph U , it is noted that which two messages are contained in the same sender, that is, which two messages can be encoded together. In general, there is the constraint of multiple senders that two messages not connected in U cannot be encoded together. Fig. 2 is an example of U for n = 5, M 1 = {1, 2, 3}, and M 2 = {3, 4, 5}.
We have a well known claim of linear index codes as follows [2] .
, G i denotes the ith column of G, and e j denotes the jth standard basis vector.
III. ENCODING PROCEDURE OF (G, M)-IC
In this section, we first introduce a new type of a fitting matrix for the multiple senders. Then, it is proved that the minimum rank of the proposed fitting matrices is the same as N q opt (G, M). Before showing fitting matrices for the multiple senders, we briefly review the conventional fitting matrices. From results of [22] , the conventional fitting matrix for the single sender index coding problem is easily deduced as in the following definition.
Definition 3: An n × m matrix F c over F q fits G if and only if the followings hold.
. In addition, it was studied in [22] that the minimum rank of the conventional fitting matrices is the optimal linear codelength for the single sender index coding problem for any m, n, and finite field F q .
In [19] , authors proposed a method to find the optimal codelength of linear index codes. They suggested many strategies for search space reduction and checked decoding conditions of receivers for every generator matrix candidate. Unlike their methods, we consider the fitting matrix which always satisfies decoding conditions of receivers and propose a new method to find the optimal codelength based on the fitting matrix. The fitting matrix for the multiple senders consists of |S| submatrices as shown in the following definition.
Definition 4: The fitting matrix F of size n × m|S| over F q for a (G, M)-IC is described as follows:
1) There are |S| submatrices F (1) , F (2) , . . . , F (|S|) of size n × m representing each sender.
i1,k = 0 for the same a k j ∈ F q as the above,
The exact role of each item in Definition 4 will be explained later and thus we briefly explain each item. 2) is related with capabilities of senders encoding messages. From 3), 4), and 5), it is noted that we can get the equation in Claim 1, which is needed for decoding of R k .
As mentioned before, the minimum rank of the conventional fitting matrices for the single sender IC problem is known to be the optimal scalar linear index codelength. Similarly, the minimum rank of the fitting matrices for a (G, M)-IC is the optimal scalar linear index codelength as shown in the following theorem.
Theorem 1: Let F be a fitting matrix having the minimum rank. Then, an optimal generator matrix of a (G, M)-IC is the matrix G generated by deleting linearly dependent columns in F .
Proof: First, we show that a fitting matrix of a (G, M)-IC can be a generator matrix. From 2) of Definition 4, the index code corresponding to the fitting matrix can be made for multiple senders. Then, for k ∈ Z[m], R k can obtain x f (k) by using its side information and the linear combination of the kth columns of submatrices represented in Definition 4, that is, the linear combination of the received codeword components.
Next, we show that the minimum rank of these fitting matrices is the optimal codelength. Let G be an n × N generator matrix of a (G, M)-IC. From Claim 1, it is noted
and G i denotes the ith column of G.
By the definition of the fitting matrix F , it is noted that columns whose linear combination is e f (k) + Σ j∈X k b k j e j can be the kth columns of submatrices of F if each column satisfies 2) of Definition 4. Since every column G i is used for the encoding in one sender, we can classify which column of G belongs to which sender.
If we make the kth column of F (l) as Σ i∈C l a k i G i for all k and l, it becomes a fitting matrix for a (G, M)-IC and it is obvious that the rank of this fitting matrix is smaller than or equal to N . Since the rank of a generator matrix is the same as codelength, G is an optimal generator matrix of a (G, M)-IC. Now, we have the following corollary specifying the fitting matrix F for a (G, M)-IC.
Corollary 1: An optimal index code can also be found when coefficients in 3) and 4) of Definition 4 are modified as follows: Proof: For the perspective of the minimum rank, nonzero coefficients in 3), 4) of Definition 4 do not change the rank of the fitting matrix. For zero coefficients, if we make the corresponding columns as all-zero columns, the rank of the modified fitting matrix becomes smaller than or equal to that of the original one and it is also a fitting matrix for a (G, M)-IC.
We have the following remark for the encoding procedure based on the fitting matrix.
Remark 1: It is noted that the sum of the ith column of each submatrix of the fitting matrix F for a (G, M)-IC is the ith column of the conventional fitting matrix for the single sender IC problem with G from Definition 3, where i ∈ Z[m]. After choosing linearly independent columns of F , it is noted that selected columns in F (j) are used for the encoding procedure of s j for j ∈ Z[|S|].
From Remark 1, it is noted that we can construct a fitting matrix systematically from Definition 4. By considering coefficients of 3) and 4) in Definition 4 as 1s, we can determine all elements of F as in the following example.
Example 1: Fig. 3 . Then, the fitting matrix of a (G, M)-IC is derived as
* denotes any element of F q and a, b, c ∈ F q . By finding a fitting matrix having the minimum rank, we can find an optimal generator matrix.
Since both a method in [19] and the proposed method based on the fitting matrix can find the optimal codelength, we have the following remark to compare them.
Remark 2: Consider P in [19] and assume that m = n and f (j) = j for j ∈ Z[m]. The complexity for solving P
is derived from the number of undetermined elements, the rank calculation of lower triangular matrices, and checking decoding conditions.
The complexity for the proposed method
is also derived from the number of undetermined elements and the rank calculation. It is not easy to compare the above two complexities. However, it is expected that the smaller |X j |, |M c |, and |S|, the lower the complexity for the proposed method based on the fitting matrix. Since the proposed fitting matrix can be used to derive some properties of index codes in the following sections, we consider the encoding procedure based on the fitting matrix in this paper.
The following proposition shows that we can further simplify the fitting matrix F for a (G, M)-IC if side information of receivers has some properties.
, the ith columns in the submatrices except F (j) can be assumed as all-zero columns in the perspective of the optimal codelength and the ith column in F (j) is the ith column of the conventional fitting matrix of the single sender IC problem.
Proof: It is noted that the ith column of F (j) can be transformed into the ith column of the conventional fitting matrix by adding the other ith columns of submatrices. Also, elementary column operations do not change the rank of matrices and the ith column of F (j) can initially be set to the ith column of the conventional fitting matrix from Definition 4, X i ⊂ M j , and f (i) ∈ M j . Since the ith columns in the other submatrices are not needed for decoding of R i if we set the ith column of F (j) as the above, the ith columns in the other submatrices can be assumed as all-zero columns to minimize the rank of the fitting matrix.
Thus, if every receiver satisfies the condition in Proposition 1, it can be reduced to the single sender IC problem.
IV. PROPERTIES OF (G, M)-IC
In this section, we study some properties of a (G, M)-IC through the graphical approach and fitting matrices of the previous section. First, we introduce a graph which will be used in the graphical approach. A 0-cycle for an IC is a subgraph of G, which is known to be important in an IC problem for the single sender case [14] . For the multiple sender case, a 0-cycle is also related with a lot of properties of a (G, M)-IC.
Let Τ be a set of subsets of Z[n] defined by
for a side information graph G of a (G, M)-IC. Then, we have the following definition for a 0-cycle. Thus, a 0-cycle is a subgraph induced by a set of messages and all receivers wanting those messages in which every receiver wanting a message in it has at least one side information symbol among those messages. For m = n and f (i) = i for i ∈ Z[m], a 0-cycle is similar to a partial clique defined in [23] . However, a 0-cycle can be defined for m = n. Furthermore, a k-partial clique must have one receiver whose number of side information symbols is |B| − k − 1 but there is no such constraint in a 0-cycle. Now, we define a special type of a 0-cycle for a (G, M)-IC.
Definition 6: Let U be a subgraph of U , which has message nodes corresponding to a 0-cycle. Then, a 0-cycle is said to be message-connected if and only if there is at least one path between any two message nodes in U . Otherwise, a 0-cycle is said to be message-disconnected.
The message connectivity serves a crucial role for index coding with multiple senders because it is related with capabilities of encoding those messages. There is an example for a 0-cycle and a message-connected 0-cycle.
Example 2: Assume that a message graph and M are given in Fig. 2 and a side information graph is given in Fig. 4 . Then, a subgraph of G induced by message nodes {1, 2, 3} and receiver nodes {1, 2, 3} is a 0-cycle because 2 ∈ X 1 , 1 ∈ X 2 , and 2 ∈ X 3 . Furthermore, it is also a message-connected 0-cycle because a subgraph of U induced by {1, 2, 3} has at least one path between any two message nodes. A subgraph of G induced by message nodes {1, 2, 5} and receiver nodes {1, 2, 5} is a 0-cycle but it is not a message-connected 0-cycle. In addition, a subgraph of G induced by message nodes {3, 4, 5} and receiver nodes {3, 4, 5, 6} is not a 0-cycle because R 6 has x 1 as side information but no side information in {x 3 
It is said that x i forms a 0-cycle if there exists at least one 0-cycle containing x i for i ∈ Z[n], otherwise it is said that x i does not form a 0-cycle. The similar argument holds for a message-connected 0-cycle and a message-disconnected 0-cycle.
In the perspective of the optimal codelength, some side information of receivers does not help to reduce the codelength, that is, removing the corresponding edges in G does not increase the optimal codelength or does not change the rate region. Then, it is said that the side information of the receivers or the corresponding edges are not critical, otherwise, they are said to be critical. Along with this, some researches on critical edges in G were studied [24] , [25] . In the following lemmas, some properties of a 0-cycle are given.
Lemma 1: For a message x i1 such that i 1 ∈ Z[n], x i1 is the same as being sent in the uncoded form if x i1 does not form a 0-cycle.
Proof: Assume that R 1 , . . . , R k want to receive x i1 . If x i1 does not form a 0-cycle in G, there are two cases. The first one is that there exists a receiver (say R 1 ) which does not have any side information. In this case, it is trivially proved.
The other case is that x i1 does not form a 0-cycle but each
has at least one side information symbol. Without loss of generality, this case means that each of the side information symbols of R 1 (say one of them is x i2 ) does not form a 0-cycle. Then, we can continue the same procedure for x i2 , x i3 , . . . , x ia . Then, it results in the fact that a receiver R b wanting x ia does not have any side information symbols, which means that x ia is the same as being sent in the uncoded form and having x ia as side information is not critical. Note that we can always find such R b and x ia because x i1 does not form a 0-cycle and an union of 0-cycles is still a 0-cycle. By repeating this procedure, it is the same that R 1 does not have any side information symbols.
Lemma 2: For a message x i such that i ∈ Z[n], x i is the same as being sent in the uncoded form if x i does not form a message-connected 0-cycle.
Proof: There are two cases. The first one is that x i does not form a 0-cycle and this case is directly proved from Lemma 1. The second case is that x i only forms a messagedisconnected 0-cycle.
Let T = {x i , x i1 , x i2 , . . . , x it } be a message set represented by the maximum 0-cycle including x i . Then, every message forming a 0-cycle is included in T . Since the other messages are the same as being sent in the uncoded forms, having those messages as side information is not critical. Then, partition T into subsets of messages T 1 , T 2 , . . . , T k based on existence of a path between any two messages in the message graph induced by T . Thus, messages in different groups cannot be encoded together. Since the encoded messages related with T q do not have any information of messages in T p for p, q ∈ Z[k] such that p = q, having messages in T q as side information does not help to recover messages in T p . Thus, receivers wanting messages in T p do not need to know messages in T q as side information.
Assume that x i ∈ T 1 . Then, it can be assumed that all side information of receivers wanting messages in T 1 is included in T 1 . Thus, we can consider a side information graph induced by T 1 . In this graph, let T (1) be a message set represented by the maximum 0-cycle and partition T (1) into subsets of messages T
2 , . . . , T (1) k1 based on existence of a path between any two messages in the message graph induced by T (1) . If x i / ∈ T (1) , it is proved from Lemma 1 because it means that x i does not form a 0-cycle after deleting uncritical side information. If x i ∈ T (1) , we assume that x i ∈ T continue the same procedure as the above. Then, x i does not belong to T (j) for some j or x i belongs to T (h) such that k h = 1 or T (h) is φ. However, x i cannot belong to T (h) for k h = 1 because it is assumed that x i does not form a messageconnected 0-cycle. Thus, we can conclude that x i is the same as being sent in the uncoded form from Lemma 1.
Lemmas 1 and 2 provide some conditions that a message is the same as being sent in the uncoded form. There is an example for Lemmas 1 and 2.
Example 3: Let M 1 = {1, 2, 3, 4}, M 2 = {2, 3, 5, 6}, and M 3 = {3, 4, 6, 7}. A side information graph G is given in Fig. 5 . Then, x 2 , x 3 , and x 6 are the same as being sent in the uncoded forms from Lemma 1 because they do not form a 0-cycle. Although subgraphs of G induced by message nodes {1, 4, 5, 7} and {1, 5, 7} form 0-cycles, they are messagedisconnected 0-cycles because 5 is only connected to {2, 3, 6} in U . Since x 5 only forms a message-disconnected 0-cycle, x 5 is the same as being sent in the uncoded form from Lemma 2.
The following two theorems show some cases that side information is not critical. For the first case with no 0-cycle, it is again classified into two cases and it is noted that an union of 0-cycles is still a 0-cycle. Then, the first one is that every message with an index in M i ∩ M c does not form a 0-cycle. Thus, from Lemma 1, messages with indices in M i ∩ M c are the same as being sent in the uncoded forms. If a ∈ M i ∩ M c , it is trivially proved. For a ∈ M i \ M c , knowing x b as side information does not help to recover x a because there is no path from x b to x a in the message graph excluding messages with indices in M i ∩ M c , which means that the encoded messages related with x b do not have any information of x a . The second one is that x b does not form a 0-cycle. Then, x b is the same as being sent in the uncoded form and thus having x b as side information is not critical from Lemma 1.
For the second case with a message-disconnected 0-cycle, it can be proved by the similar method in the proof of Lemma 2. Assume that the maximum 0-cycle including
∈ T , the theorem is easily proved because x a is the same as being sent in the uncoded form from Lemma 1 and thus we assume that x a ∈ T . Then, partition T into subsets of messages T 1 , T 2 , . . . , T k based on existence of a path between any two messages in the message graph induced by T as in Lemma 2 and assume that T 1 contains all messages having paths with messages of M i in the message graph induced by T . If x b / ∈ T 1 , it is directly proved because x a and x b belong to different groups of T . If x b ∈ T 1 , let T (1) be a message set represented by the maximum 0-cycle in the subgraph induced by T 1 . Then, it is similarly proved as in Lemma 2.
Specifically, if we continue the same procedure as the above, x a / ∈ T (j) or x a and x b belong to different groups of T (j) or x b does not belong to T (j) for some j or x b belongs to T (h) such that k h = 1 or T (h) is φ. However, x a and x b cannot belong to T (h) together because it is assumed that x b does not form a message-connected 0-cycle with messages with indices in M i ∩M c and there is no path between x a and x b not including messages with indices in M i ∩M c in the message graph. Thus, it can be concluded that receivers wanting x a do not need to know x b as side information.
Here is an example for Theorem 2. Example 4: Let M 1 = {1, 2, 3}, M 2 = {3, 4}, and M 3 = {4, 5, 6}. A side information graph G is given in Fig. 6 . Although x 5 forms a message-connected 0-cycle from a subgraph induced by {x 5 , x 6 }, there is no message-connected 0-cycle having both x 3 and x 5 because x 4 does not form a 0-cycle and there is no path between 3 and 5 in the subgraph of U excluding 4. Then, R 1 does not need to know x 5 as side information from Theorem 2.
Proof: Since every message in {x q |q ∈ M i ∩ M c ∩ Y k } does not form a message-connected 0-cycle, those messages are the same as being sent in the uncoded forms from Lemma 2. Thus, we can assume that R k knows all messages with indices in M i ∩ M c as side information. Considering the fitting matrix F and linearly independent columns of F as F 1 , . . . , F N , Σ z b k z F z = e a + Σ y∈X k c k y e y for some b k z , c k y ∈ F q from Claim 1. In fact, the kth column of F (i) is given as e a + Σ y∈X k d k y e y from the definition of the fitting matrix, where d k y ∈ F q . Thus, the kth column of F (h) for all h ∈ Z[|S|] \ {i} can be deleted because the minimum rank of the modified fitting matrix is smaller than or equal to the minimum rank of the original one and R k can obtain x a from the kth column of F (i) . It means that side information of
From Theorem 3, we have the following corollary. 
Proof: It is similar to the proof of Theorem 3 and the only difference is that for the kth columns of submatrices of F , it is not determined which kth column of submatrices has the non-zero value in the f (k)th position. Thus, if the kth column of F (p) is selected to have the non-zero value in the f (k)th position, side information of R k in (∪ j∈Z[|S|] M j )\M p is not critical as in Theorem 3.
From Theorem 3 and Corollary 2, it is noted that if all receivers satisfy the above conditions, an optimal (G, M)-IC can be obtained by the single sender IC problem with the modified side information graph because side information in the other senders is not critical.
Existence of a 0-cycle is a necessary and sufficient condition for reducing codelength by index coding in the single sender problem [14] . In the multiple sender case, a messageconnected 0-cycle has the same property as shown in the following theorem.
Theorem 4: For a given side information graph G and a given message graph U , N q opt (G, M) = n if and only if there is no message-connected 0-cycle in G.
Proof Necessity: Assume that there is a messageconnected 0-cycle represented by {x 1 , x 2 , . . . , x n }. Since there exists at least one path between any pair of message nodes corresponding to the 0-cycle in the subgraph of U , there exists a spanning tree T . Then, a (G, M)-IC with codelength n − 1 can be constructed by using the index code {x i + x j : i and j are connected in T }. From this index code with codelength n − 1, we can get the sum or difference between any two messages x i , x j for i, j ∈ Z[n ]. Since every receiver wanting one of messages in {x 1 , x 2 , . . . , x n } has at least one side information symbol in {x 1 , x 2 , . . . , x n }, it can recover the wanted message. If we send the remaining messages in {x n +1 , . . . , x n } as the uncoded forms, every receiver in G can obtain what it wants and the codelength is n − 1.
Sufficiency: If there is no message-connected 0-cycle, every message does not form a message-connected 0-cycle. Then, from Lemma 2, every message is the same as being sent in the uncoded form.
Remark 3: For m = n, existence of a message-connected cycle in [16] is not a necessary and sufficient condition for reducing codelength. Specifically, existence of a messageconnected cycle is a sufficient condition for reducing codelength and is not necessary. For example, assume that M 1 = {1, 4}, M 2 = {2, 3, 4}, and f (i) = i for i ∈ Z [4] . Let
Then, there is no message-connected cycle. However, the entire graph is a message-connected 0-cycle and we can make the index code (x 1 + x 4 , x 2 + x 4 , x 2 + x 3 ) with codelength 3 from Theorem 4.
V. EXTENSION TO CELLULAR NETWORK
Now, we consider the index coding in a cellular network scenario, where receivers can receive a subset of subcodewords because some senders cannot cover all receivers. If each receiver belongs to coverage of only one sender, it just reduces to disjoint single sender index coding problems. However, there is a possibility to reduce index codelength more efficiently if some receivers belong to coverage of more than one sender. We first describe index coding in a cellular network as follows.
A. Problem Description: Two Sender Case
In the linear index coding with a cellular network, the problem setting is similar to that of the linear index coding problem for the multiple sender case except that some receivers are restricted to receive a subset of sub-codewords. For simplicity, we assume that m = n, f (i) = i for i ∈ Z[m], |S| = 2, and the field size q = 2.
Then, G is a unipartite side information graph, where each node represents both a receiver and a message [2] . A directed edge from a node (say 1) to another node (say 2) means that receiver 1 has message 2 as side information.
Since a cellular network is assumed, there are three types of receivers based on coverage of senders. Let R(s j ) = {i|R i can only receive the sub-codeword from s j } for j ∈ Z [2] , R(s c ) = {i|R i can receive the entire codeword}, and R = {R(s 1 ), R(s 2 ), R(s c )}. It is easily noted that R(s j ) ⊆ M j for j ∈ Z [2] .
Then, a linear index code for a cellular network is defined as follows.
Definition 7: A linear index code over F 2 for a cellular network with two senders, denoted by a (G, M, R)-IC is a set of codewords having: 1) Generator submatrices G (i) ∈ F |Mi|×Ni 2
for i ∈ Z [2] , where N i denotes the codelength of the sub-codeword x Mi G (i) generated by s i .
2) Decoding functions D j satisfying
It is noted that an n × N generator matrix G for a (G, M, R)-IC is constructed by using generator submatrices G (i) for i ∈ Z [2] and the codelength N is N 1 + N 2 . Let N 2 opt (G, M, R) be the optimal codelength of a (G, M, R)-IC.
Since receivers with indices in R(s i ) cannot receive the sub-codeword from s j for i, j ∈ Z [2] with i = j, we have the following proposition.
Proposition 2: For a receiver with an index in R(
Proof: Since every receiver with an index in R(s i ) cannot receive encoded messages made from using messages with indices in M j \ M i , those receivers can recover their wanted messages without using side information in M j \ M i .
Thus, we can assume that every receiver with an index in R(s i ) has side information only in M i for i ∈ Z [2] .
B. Encoding Procedure of (G, M, R)-IC
Now, we first introduce a fitting matrix for the cellular network case, which is similar to that of the multiple sender case. Since some receivers receive a subset of sub-codewords, a new parameter instead of the minimum rank of the fitting matrix is needed to represent codelength. The fitting matrix for the cellular network consists of three submatrices as shown in the following definition.
Definition 8: The fitting matrix F of size n × (|R(s 1 )| + |R(s 2 )|+2|R(s c )|) for a (G, M, R)-IC is described as follows:
1) There are three submatrices F (1) , F (2) , F (3) corresponding to three types of receivers R(s 1 ), R(s 2 ), and R(s c ), respectively. 2) For F (i) , each column represents each receiver and it is the same as the column corresponding to that receiver of the conventional fitting matrix of the single sender IC problem, where i ∈ Z [2] and F (i) is used for encoding in s i . 3) For F (3) , each receiver R k is represented by two columns k 1 , k 2 used for encoding in s 1 and s 2 . [2] , and k ∈ R(s c ).
i2,kj is any element of F 2 . Let V i be a vector space spanned by columns of F (i) for i ∈ Z [3] . Unlike the multiple sender case, the optimal codelength of linear index codes in the cellular network is not the minimum rank of the fitting matrices. The following theorem shows the optimal codelength of linear index codes in the cellular network.
Theorem 5: Proof: First, it is easily understood that the fitting matrix for the cellular network with two senders can be a generator matrix of a (G, M, R)-IC. From the fitting matrix, the codelength of the index code can be given as dim
) because receivers with indices in R(s i ) have to receive encoded messages by F (i) with codelength dim(V i ) for i ∈ Z [2] and receivers with indices in R(s c ) can recover their wanted messages by additionally receiving independent messages (columns of F (3) 
) from the inclusion-exclusion principle, codelength can be represented as
Assume that G is a generator matrix of a (G, M, R)-IC. Then, it can be partitioned into two parts based on encoding of each sender. Let G (i) v be a vector space spanned by columns of G (i) for i ∈ Z [2] , where G (i) is a generator matrix of s i . Then, the codelength of this index code is dim(G
From the similar methods in Claim 1 and the proof of Theorem 1, it is noted that the fitting matrix for the cellular network can be made from columns of G. Specifically, a vector space V i can be made from G
Similar to Corollary 1, we only consider cases satisfying 5), 6) of Definition 8 because we can consider columns with zero coefficients as all-zero columns in the perspective of the optimal codelength.
Then, it is noted that dim(
, which means that the optimal codelength is the minimum of dim(
The example of Proposition 2 and the fitting matrix for the cellular network is given as follows. Fig. 7(a) . From Proposition 2, G can be transformed intoĜ as in Fig. 7(b) . Then, the fitting matrix of a (Ĝ, M, R)-IC is derived as
. * denotes any element of F q and c ∈ F 2 . By finding a fitting matrix with the minimum value of dim(
, we can find an optimal generator matrix.
As mentioned before, we only consider a side information graphĜ by deleting uncritical side information from Proposition 2 as in Example 5.
C. Properties of (G, M, R)-IC
In this section, we study some properties of a (G, M, R)-IC for a cellular network with two senders. First, we have the following definition describing a new type of a side information graph.
Definition 9: For the cellular network, a subgraph G of G is denoted by H G if every message is side information of at least one receiver in G , that is, every vertex has at least one in-degree in the subgraph.
There is an example for H G . Example 6: Assume the same situation as in Example 5. Then,Ĝ is not HĜ because no receiver has x 5 as side information. However, a subgraph G induced by nodes {1, 2, 3, 4} is H G because every message is side information of at least one receiver.
The 
Proposition 4: A fitting matrix with dim(V 1 ∩V 2 ) = 0 exists if and only if H G satisfying one of the followings exists, where H G consists of receivers with indices in R(s 1 ) ∪ R(s 2 ) and contains at least one receiver with an index in R(s i ) for all i ∈ Z [2] .
1) A receiver with an index in R(s 1 ) has a message with an index in R(s 2 ) as side information or vice versa. 2) A receiver with an index in R(s 1 ) and a receiver with an index in R(s 2 ) have the same message as side information. Proof: From the combinatorial point of view, a fitting matrix with dim(V 1 ∩ V 2 ) = 0 exists if and only if there exist column vectors such that the sum of a column vectors of F (1) and b column vectors of F (2) is the all-zero vector, where a, b = 0 and the sum of those a column vectors is not the all-zero vector. First, it is easily noted that there exist column vectors such that the sum of a column vectors of F (1) and b column vectors of F (2) is the all-zero vector, where a, b = 0 if and only if those a + b receivers (messages) form H G . It is because each message has to be known to at least one receiver in order for the element corresponding to each message in the sum of those vectors to be 0.
Next, we deal with the additional condition that there exists a case that the sum of those a column vectors is not the allzero vector. It is noted that this condition holds if and only if a column corresponding to one of a receivers and a column corresponding to one of b receivers can have 1 in the same position, which reduces to the above two cases.
There is an example for Propositions 3 and 4. A cycle in a side information graph G is known to be important in the single sender index coding problem and there are lots of cycle-cover algorithms to find the suboptimal index codelength. Along with these, we classify which cycle can be used to reduce index codelength in the cellular network.
Theorem 6: In the cellular network, cycles can be classified into the following cases based on a possibility of reducing codelength.
1) The cases that codelength cannot be reduced: a) A message-disconnected cycle. b) A message-connected cycle which consists of receivers with indices in R(s 1 ) ∪ R(s 2 ) and contains at least one receiver with an index in R(s i ) for all i ∈ Z [2] .
2) The cases that codelength can be reduced: a) A message-connected cycle consisting of receivers with indices in R(s i ) for i ∈ Z [2] . b) A message-connected cycle containing at least one receiver with an index in R(s c ). Proof: Since a message-disconnected cycle is a messagedisconnected 0-cycle and N 2
a message-disconnected cycle cannot reduce codelength from Theorem 4. Next, for a message-connected cycle described in 1), assume that a receivers with indices in R(s 1 ) and b receivers with indices in R(s 2 ) form a message-connected cycle. Since each receiver can receive encoded messages from only one sender and two subgraphs induced by a receivers and b receivers, respectively are acyclic, a + b transmissions are required.
It is trivial that a message-connected cycle consisting of receivers with indices in R(s i ) for i ∈ Z [2] can reduce codelength. For a message-connected cycle containing at least one receiver with an index in R(s c ), it is noted that every receiver has one message as side information and one message cannot be side information of two receivers. Since each receiver with an index in R(s i ) for i ∈ Z [2] of that cycle has side information with an index in M i , each receiver can recover the wanted message if s i transmits the sum of the wanted message and its side information.
Similar to the perspective of a message graph in Theorem 4, we make a graph consisting of the messages. We add an undirected edge between the wanted message and its side information for each receiver with an index in R(s 1 ) ∪ R(s 2 ), which represents each transmission of the sum of the wanted message and its side information. Then, there is no cycle in the resulting graph consisting of those receivers with indices in R(s 1 ) ∪ R(s 2 ) because there is no cycle in the subgraph of G induced by those receivers.
Since there is no cycle in the resulting graph and there is at least one message with an index in M c due to messageconnectivity, we can make a spanning tree including the other messages with indices in R(s c ) while maintaining the above undirected edges. Then, new connected edges correspond to transmissions of the sum of two messages as same as before by a sender capable of encoding those messages. Then, every receiver can recover its wanted message because receivers with indices in R(s c ) can receive all encoded messages corresponding to edges in the spanning tree.
Next, we study properties of N 2 opt (G, M, R) in the cellular network. In Section IV, Theorem 4 shows that existence of a message-connected 0-cycle is a necessary and sufficient condition for reducing codelength in the index coding problem with multiple senders. However, it does not hold for the cellular network. Furthermore, a receiver with no side information can help to reduce codelength in the cellular network as shown in the following example.
Although a subgraph of G induced by {1, 3} is a message-connected 0-cycle, it cannot reduce codelength from Theorem 6 and thus the optimal codelength for this subgraph is 2. Now, consider R 2 which has no side information. In the index coding problem with multiple senders or single sender, adding a receiver with no side information increases the optimal codelength by one when m = n. However, in this example, every receiver can recover its wanted message if s 1 transmits (x 1 + x 2 + x 3 ) and s 2 transmits (x 1 + x 3 ). From this example, it is noted that the general condition for N 2 opt (G, M, R) = n is hard to be found through the conventional properties of index coding. Now, we discuss some properties of N 2 opt (G, M, R). Proposition 5: Assume that dim(V 1 ∩V 2 ) = 0 always holds. Then, N 2 opt (G, M, R) = n if and only if there is no messageconnected 0-cycle in G.
Proof: From Proposition 3 and Theorem 4, it is easily proved.
Similar to Proposition 4, we discuss the condition for dim(V 3 ∩ (V 1 + V 2 )) = 0. If dim(V 3 ∩ (V 1 + V 2 )) = 0, there are some column vectors in the fitting matrix such that the sum of them is the all-zero vector, where u columns of them are in F (3) . In the following observation, we classify those u columns in F (3) into some receivers or certain vectors.
Observation 1: Using notations in Definition 8, u columns in F (3) correspond to some receivers or certain vectors based on relationships between selected columns in F (3) .
1) The cases that some columns correspond to some receivers: a) If both the k 1 th column and the k 2 th column are selected for k ∈ R(s c ), the sum of them corresponds to R k . b) If only the k i th column is selected among the k 1 th column and the k 2 th column for i ∈ Z [2] and k ∈ R(s c ) ∩ (M i \ M c ), the k i th column corresponds to the receiver whose side information corresponds to M c ∪ (X k ∩ M i ) and wanted message is x k . 2) The case that some columns correspond to certain vectors: a) If only the k j th column is selected among the k 1 th column and the k 2 th column for i, j ∈ Z [2] such that i = j and k ∈ R(s c ) ∩ M i , the k j th column is any column with 0s in the positions in Z[n] \ (M c ∪ (X k ∩ M j )). b) It is said that a message (say x d ) is covered by the above columns corresponding to certain vectors if one of those columns can have 1 at the dth position. The following observation shows a necessary and sufficient condition for dim(V 3 ∩ (V 1 + V 2 )) = 0 from the combinatorial point of view.
Observation 2: A fitting matrix with dim(V 3 ∩ (V 1 + V 2 )) = 0 exists if and only if there are a receivers with indices in R(s 1 ) ∪ R(s 2 ), b receivers corresponding to receivers in Observation 1, and b columns corresponding to certain vectors in Observation 1 for a = 0 and b + b = 0 satisfying one of the following nine cases:
1) The cases for b = 0: a) Each of a messages is known to at least one of a receivers or is covered by b columns. At this point, at least one of a messages has to be covered by b columns. b) a receivers (messages) form H G and none of a messages is covered by b columns. Let one of a receivers have x d as side information such that x d does not belong to a messages. Then, x d is covered by b columns. 2) The cases for b = 0 and a + b receivers (messages) form H G : a) One of a messages is side information of one of b receivers. b) One of b messages is side information of one of a receivers. c) One of a receivers and one of b receivers have the same message as side information.
3) The cases for b, b = 0 which are not reduced to the above cases: a) a + b receivers (messages) do not form H G . Also, all of a messages are known to at least one of a+b receivers and there is at least one of b messages not known to a + b receivers. In this case, those unknown messages are covered by b columns. i) One of a messages is side information of one of b receivers. ii) One of b messages is side information of one of a receivers. iii) One of a receivers and one of b receivers have the same message as side information. iv) x d is covered by b columns and one of a receivers has x d as side information, where x d does not belong to a + b messages. The following corollary shows that the cellular network case can be reduced to disjoint index coding problems if dim(V 3 ∩ (V 1 + V 2 )) = 0 always holds.
Corollary 3: If dim(V 3 ∩ (V 1 + V 2 )) = 0 always holds, N 2 opt (G, M, R) is the sum of the optimal codelength of subproblems induced by R(s 1 ), R(s 2 ), and R(s c ).
Proof: Since dim(V 3 ∩ (V 1 + V 2 )) = 0 always holds, codelength can be represented as dim(V 1 ) + dim(V 2 ) + dim(V 3 ).
From Corollary 3, it is noted that an R(s i ) induced subgraph does not have a message-connected 0-cycle for i ∈ Z [2] and an R(s c ) induced subgraph does not have a message connected 0-cycle if and only if N 2 opt (G, M, R) = n given that dim(V 3 ∩ (V 1 + V 2 )) = 0 always holds.
VI. CONCLUSION AND FUTURE WORK
In this paper, we studied linear index codes with multiple senders. The fitting matrix for a (G, M)-IC was introduced and we showed that the fitting matrix having the minimum rank can be an optimal generator matrix. Some properties of a (G, M)-IC based on a 0-cycle were studied and whether given side information is critical or not was studied for multiple senders.
Furthermore, another index coding scenario was also considered, where each receiver can receive a subset of subcodewords as in a cellular network. Another type of fitting matrices was introduced and it was proved that the optimal codelength of linear index codes can be found from these fitting matrices by minimizing the value of dim(V 1 + V 2 + V 3 ) + dim(V 1 ∩ V 2 ). Finally, some properties on the optimal codelength for a cellular network were studied.
Since finding the optimal linear index codelength based on the proposed fitting matrices for a (G, M)-IC and a (G, M, R)-IC is NP-hard, the polynomial time algorithm such as [26] has to be studied based on these fitting matrices and the graphical approach.
In addition, only two senders were considered in a cellular network scenario due to its hardness to derive some results for more than two senders. Although it is expected that the similar approaches can be applied for more than two senders, the complicated combinatorial point of view has to be considered to use the similar approaches of this paper. For example, if we derive the direct extension of the proposed fitting matrix, we may obtain the similar result as in Theorem 5. However, codelength based on the direct extension of the proposed fitting matrix may not have the explicit form considering the complicated combinatorial point of view for more than two senders. Other results also suffer from the similar problem. In order to represent the codelength in the simplified and explicit form, another type of fitting matrices should be studied for more than two senders in a cellular network scenario. Furthermore, other approaches extending results for more than two senders are needed to avoid problems due to the complicated combinatorial point of view.
